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Abstract 

We construct matter-coupled N = 2 supergravity in five dimensions, using the superconformal 
approach. For the matter sector we take an arbitrary number of vector, tensor and hypermultiplets. 
By allowing off-diagonal vector-tensor couplings we find more general results than currently known 
in the literature. Our results provide the appropriate starting point for a systematic search for 
BPS solutions, and for applications of M-theory compactifications on Calabi-Yau manifolds with 
fluxes. 
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1 Introduction 



Matter-coupled supergravitics in five dimensions have attracted renewed attention [1,2] due 
to the important role they play in the Randall- Sundrum (RS) braneworld scenario [3,4], in 
M-theory compactifications on Calabi-Yau manifolds [5] with applications to flop transitions 
and cosmology [6,7], and in the AdSg/CFTs [8,9] and AdS5/CFT4 [10] correspondences. 
Generically, one is interested in studying BPS solutions, such as domain walls or black 
holes, or in vacua obtained from fiux-compactifications, perhaps even in time-dependent 
solutions with a non- vanishing cosmological constant. In many of these applications, a crucial 
role is played by the properties of the scalar potential that appears after coupling matter 
multiplets to iV = 2 supcrgravity. For example, the possibility for finding a supersymmetric 
RS scenario depends on the existence of a domain-wall solution (which requires a scalar 
potential) containing a warp factor with the correct asymptotic behaviour such that gravity 
is suppressed in the transverse direction. It is proved in [11, 12] that one cannot restrict 
oneself to vector multiplets, but that hypermultiplets are needed. Some interesting solutions 
have already been found in [13, 14]. 

In order to make a more systematic search for the variety of BPS solutions such as domain 
walls or black holes that appear in five dimensions, wc need to know the most general form 
of matter-coupled supergravity. It is the purpose of this work to construct these matter 
couplings. Actually, the present work is the third and last in a series of papers where we 
apply the superconformal programme to derive these matter couplings (see also [15-17]). The 
first paper dealt with the construction of the N = 2 conformal supergravity multiplet [18], 
while in the second paper we presented the superconformal matter couplings [19]. In the 
present work we will perform the last step in the superconformal programme, i.e. perform 
the gauge-fixing and obtain the matter-coupled N — 2, D — 5 Poincare supergravity theory. 

Quite some work on = 2 matter-coupled supergravities in five dimensions has already 
been done. Since we claim to give more general results than currently known in the literature, 
we first summarize what has been done. The pure supergravity sector was constructed in [20] . 
The coupling to vector multiplets was given in [21,22]. More recently, the addition of tensor 
multiplets was considered in [1,23]. There it was stated that certain couplings between 
vector and tensor multiplets were impossible to supersymmetrize in a gauge-invariant way 
(except possibly in very special cases). In this work we will show that such couplings are 
possible and can be super symmetrized thereby generalizing the results of [1,23]. Finally, 
vector, tensor and hypermultiplets were treated together in [2]. 

The superconformal programme, apart from leading us to general matter couplings, has 
another bonus. It is well known that the scalars of the matter sector can be viewed as 
the coordinates on a manifold. It turns out that there are interesting relations between 
the geometries of these scalar manifolds before and after gauge-fixing the superconformal 
symmetries. In [24,25], followed by [19], this was demonstrated for hypermultiplet scalars. 
The geometries before gauge-fixing are hypercomplex or hyper-Kahler dependent on whether 
there exists an action or not (see [19] for more details). After gauge-fixing, the relevant ge- 
ometries are quaternionic and quaternionic-Kahler, respectively. Since the relations between 
these geometries are interesting in themselves, and can be studied independently of the 
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present context, we are preparing a companion paper where we present the details about all 
the geometries involved and their relations [26] . Sometimes we will refer in this paper to [26] 
for more details on the geometry. 

The conformal programme has already been discussed extensively at several occasions 
(see e.g. [27,28]) including our previous paper [19]. We refer the reader to these reviews for 
more details. We will attempt to give a flavour of the conformal approach by presenting a 
toy model. More explicitly, consider a scalar-gravity model in four dimensions. We start 
with a conformally invariant action for a scalar field 



C^-V\9\ [\{d<t>f + , (1-1) 

which is invariant under the following local dilatations (with parameter Kd^x)) 

5(t> = KD(t>, = -2Ad^,.z.. (1-2) 

This dilatation symmetry can be gauge fixed by choosing the gauge 



ct) = — 

K 

This leads to the Poincare action 



(1.3) 



£=^^«. (1.4) 

Therefore, the actions (1.1) and (1.4) are gauge equivalent. Alternatively, we could have 
chosen new coordinates {g'^^ — g/^^K^cf)'^), such that the resulting action is manifestly invariant 
under the dilatation symmetry. Although still transforms under dilatations, the field does 
not appear in the action anymore. The scalar has no physical degrees of freedom, and is 
called a 'compensating scalar'. Note that the scalar kinetic term has the wrong sign; this is a 
generic feature of compensating scalars which we will also encounter in the more complicated 
case of conformal supergravity. 

The same mechanism will be used in this paper to obtain five-dimensional matter-coupled 
Poincare supergravity. To this end, the Poincare algebra is first extended to the local super- 
conformal algebra F^(4). In our first paper [18] we constructed the minimal representation 
of the super conformal algebra containing the graviton, called the standard Weyl multiplet. 
This multiplet plays the role of g^i, in the above toy model. It turns out that in the case 
oi N — 2, D — 5 supergravity we need one hypermultiplet and one vector multiplet as 
compensators. They play the role of the compensating scalar in the above toy model. We 
thus have 

fi'/ii/ — standard Weyl multiplet, . 
— > 1 hyper- -|- 1 vector- multiplet. 

On top of this we add an arbitrary number of ny vector, ut tensor and uh hypermultiplets. 

We thus end up with {ny + 1) vector, Ut tensor and {uh + 1) hypermultiplets. As explained 
in [1, 19,23], the tensor generically is part of a vector-tensor multiplet which is a hybrid 
form of a vector and a tensor multiplet. The label of the vector-tensor multiplet has ny + 1 
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vector-multiplet and tit tensor-multiplet directions. Our starting point is therefore a number 
of vector, tensor and hypermultiplets coupled to conformal supergravity: 

■^Total = -^Vect or— Tensor + -^Hypcr- (1-6) 

These conformal couplings, which arc the analogue of (1.1) in the toy model, have been 
constructed in our second paper [19], and are repeated in appendix B to keep the presentation 
self-contained. In the main part of this paper we will discuss the final step, i.e. the gauge- 
fixing, where we get rid of all the superconformal symmetries that are not part of the 
super- Poincare algebra. This is the analogue of (1.3), leading to a result similar to (1.4). 
The main goal of this paper is to derive the analogue of (1.4). In the present case we end 
up with ny vector, tit tensor and Hh hypermultiplets coupled to = 2, D = 5 Poincare 
supergravity. The final answer is given in (5.7). For the actual purpose of searching for 
supersymmetric BPS solutions we only need the bosonic terms in the action. These have 
been collected in (7.1). 

The organization of this paper is as follows. In section 2, we give the field content of the 
standard Weyl multiplet and the different matter multiplets: vector, tensor and hyper. The 
corresponding supersymmetry and superconformal transformation rules, together with the 
invariant actions are given in appendix B. Next, some details about the conformal geometry 
for hypermultiplets, i.e. the geometry before gauge-fixing, and its relation to the geometry 
after gauge-fixing, are presented in section 3. The gauge-fixing procedure is discussed in 
section 4, accompanied by some well-known properties of very special geometry, listed in 
appendix C. The resulting action after gauge-fixing is given in section 5. In section 6, we 
compare our results with the existing literature. Finally, in section 7 we collect those terms 
in the action and supersymmetry rules that will be relevant to our search for BPS solutions. 

We use the same notation as in our previous two papers except that the sign of the 
spacetime Ricci tensor and Ricci scalar has changed. For the convenience of the reader we 
have collected the definitions of all curvatures in appendix A. Further details of the notation 
can be found in the appendix of our first paper [18]. 

2 Multiplets 

The fields of the standard Weyl multiplet and their properties are listed in table 1. The full 
details of this multiplet are given in [18]. We use the following notation for indices: ^{a) 
are curved (fiat) world indices with ij,,a = 0,1,2,3,4 and i = 1,2 is an SU{2) index. All 
fermions are symplectic Majorana spinors. In [19] we constructed vector-tensor multiplets 
and hypermultiplets in the background of this Weyl multiplet. Vector-tensor multiplets are 
a hybrid form of vector and tensor multiplets. The field content and further properties 
of these multiplets are given in table 2. Here we have introduced the following indices: 
/ = 0, ■ ■ • ,ny labels the adjoint representation of some gauge group G, and M = ny + 
1, • • • , nv + nr labels some representation of G, possibly reducible, under which the tensors 
transform (see below for more details). Finally, X — 1, • • • ,4(nij -|- 1) and {i,A) with 
i — 1,2 and A — 1, • • • , 2(n/f -|- 1) are, respectively, the curved and flat indices of the 
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Field 


# 


Gauge 






Elementary gauge fields 


(7, 


9 


pa 


1 —1 


1 





D 


1 




12 


SU{2) 


3 




24 


Q' 


2 -i 




Dependent 


gauge fields 


nh 






1 


J f-l' 






1 1 








2 i 

^ 2 






Matter fields 


T[ab\ 


10 




1 1 


D 


1 




1 2 




8 




2 ^ 

^ 2 



Table 1: Fields of the 32 + 32 standard Weyl multiplet. The symbol ^ indicates the off- 
shell degrees of freedom. The first block contains the (bosonic and fermionic) gauge fields 
of the superconformal algebra. The fields in the middle block are dependent gauge fields. 
The eoctra matter fields that appear in the standard Weyl multiplet are displayed in the lower 
block. Note that we have suppressed the spinor index of both the Q and S generators, of the 
corresponding gauge fields and of the matter field x*. 



hypermultiplet scalar manifold^ Note that we have introduced ny + 1 vector multiplets 
and uh + 1 hypermultiplets to indicate that one of the vector multiplets and one of the 
hypermultiplets serve as compensating multiplets. When combining vectors and tensors into 
a vector-tensor multiplet we will sometimes write / = (/, M). 

We first consider the vector-tensor multiplet. A remarkable feature of the vector-tensor 
multiplet is that the vector-part is off-shell whereas the tensor-part is on-shell. The gauge 
transformations of the vector-tensor multiplet are specified by matrices {ti)j^ that satisfy 
the commutation relations (with structure constants fij^) 

[tl,tj] = -fij''tK. (2.1) 

These gauge transformations (with parameters A''^) are given by 

6GiA')Al = d,A' + gAl fjK'A'', 5g{A')X' = -gK' {tj)^,' , (2.2) 

^For comparison with our previous paper [19]: n = ny + 1, m = nx, r = ur + 1- 



5 



Field 


SU{2) w # d.o.f. 




off-shell vector multiplet 


K 


1 4(ny + 1) 




3 2 3{nv + 1) 


a' 


1 1 + 1) 




2 3/2 8(ny + 1) 




on-shell tensor multiplet 




1 3nT 




3 2 




1 1 IriT 




2 3/2 AriT 




on-shell hypermultiplet 




2 3/2 4{nH+l) 




1 2 4.{nH+l) 



Table 2: T/ie relevant D — 5 superconformal matter multiplets. We introduce (ny + l) off- 
shell vector multiplets, ut on-shell tensor multiplets and (nj^ + 1) on-shell hypermultiplets. 
Indicated are their SU (2) representations, Weyl weights w and the number of off-shell/ on- 
shell degrees of freedom. Each of the multiplets describes 4+4 on-shell degrees of freedom. 



where is a general matter field and g is the coupling constant of the group G. Closure 
of the supersymmetry algebra requires {tj)M^ = 0, so the generic form of the matrices tj is 
given by 

u^K_ffij'' ( I,J,K = 0,...,nv 

^^'^J -[ (t/)M^y'' \ M,N = nv + l,...,nv + nT. ^^"^^ 

Sometimes we extend the index I in {ti)j^ to / with the understanding that 

itu)/ = 0. (2.4) 

If 7^ then the representation {ti)j^ is reducible. In our second paper [19] we showed 
that this representation can be more general than assumed so far in treatments of vector- 
tensor couplings. In particular, the off-diagonal matrix elements (t/),/^ lead to new matter 
couplings, and the requirement that ut is even will only appear when we demand the ex- 
istence of an action or if we require the absence of tachyonic modes. The supersymmetry 
rules of the vector-tensor multiplet can be found in appendix B. 

In the absence of an action, the vector-tensor multiplet is characterized by the matrices 
ti. In order to write down a superconformal action we need to introduce two more symbols: 
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a fully symmetric tensor Cjji^ and an antisymmetric and invertible tensor Q.mn- They are 
related by 

tj[M^^N]P = 0, 

see section 3.2 of [19]. The corresponding action is given in appendix B. 

We now turn to the hypermultiplct. In the absence of an action, the superconformal 
tensor calculus performed in [19] resulted in the construction of a hypercomplex manifold 
spanned by the {Ann + 4) hyperscalars q-^ . This manifold includes the four scalars of the 
compensating hypermultiplet. The geometrical properties of the hypercomplex manifold are 
determined by a collection of vielbeins /J^, satisfying the following constraints: 

fiA fX rX fiA fX rj r A 

Jy JiA — Oy, Jx JjB — OjOs, 

'Dyffs = dyf^B-UJyj,''ff^ + V^y''f^^^Q, (2.6) 

where V zy^ can be interpreted as the affine connection on the manifold, and ujyb^ as the 
Gi{nH + 1,EI) connection. The last constraint shows that the vielbeins are covariantly 
constant with respect to the connections F and cu. These connections do not represent inde- 
pendent functions, see below. On this manifold we introduce a triplet of complex structures, 
defined as 

fx'' ^ -if^a^fl,. (2.7) 

Using (2.6), they are covariantly constant and satisfy the quaternion algebra, which is that 
for any vectors A and B, 

A-Jx^B- Jz"" = -Sx^A -B+iAxB)- Jx^, (2.8) 

At some places we will use a doublet notation instead of the triplet (or vector) notation: 

Jx^.^' = i/x^ • = 2/^/^ - 616^. (2.9) 

The same transition between doublet and triplet notation is also used for other quantities 
in the adjoint representation of SU{2). 

Note that the complex structure is obtained from the vielbeins. Its covariant constancy is 
sufficient to determine the affine connection. The latter is then called the Obata connection 
(similar to the definition of a Levi-Civita connection determined from the covariant constancy 
of a metric). Further, once this Obata connection is known, the covariant constancy of the 
vielbeins as in the last line of (2.6) determines the Gi{nH + 1,E[) connection ujxa^- In this 
way all quantities can be derived from the vielbeins. 

In order to build local supergravity theories, we require the hyperscalar manifolds that 
wc will use to be 'conformal' in the sense that they contain a homothetic Killing vector A;^, 
describing the dilatations of [24, 29] 

^yk"" = 15^. (2.10) 
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— * 

Using the complex structures this defines SU{2) symmetry generators k : 

kX = l_kYj^X_ (2.11) 

Both k-^ and k-^ are discussed in section 2.3.2 of [19]. 

In section 2.3.3 of [19], we also considered the action of the symmetry group gauged by 
the vector multiplcts on the hypcrcomplcx manifold. Their generators are therefore labelled 
by the index /. They are parametrized by triholomorphic (i.e. leaving the complex structures 
invariant) Killing^ vectors kf: 

Saq'' = -gA'akfiq), 

5gC^ = -9A'GtiB''{q)C''-C''iOxB^SGq'', 

tiB^ ^ yrB^ykffx^ f/fT^ykf = 0. (2.12) 

The supersymmetry rules of the hypermultiplet are given in appendix B. 

So far, we have not assumed the existence of an action. In order to write down an action 
we need to introduce a covariantly constant antisymmetric invertible tensor Cab which will 
be used to raise and lower the A indices. We can now construct the metric on the scalar 
manifold as 

9XY = fjtCABe^.f^'', (2.13) 

and the hypercomplex manifold becomes a hyper-Kahler manifold. The Obata connection 
then coincides with the Levi-Civita connection. The action also contains four-Fermi terms, 
proportional to a tensor Wabc^ ■ The latter is defined in terms of the Riemann tensor and 
conversely completely determines the Riemann tensor: 

WabC^ = Ir/' fwfjcfw ^XYZ^ , RxYW^ = -\fx^ijfY^fw fkD^ABC^, (2-14) 

see appendix B of [19]. The metric breaks the holonomy group from Gi{nH + 1,E[) to 

USp{2, 2nH), where we chose the metric to have signature ( + . . . +), as it is required 

for a physical theory with positive kinetic terms. The — signs correspond to the scalars of 
the compensating multiplet. This is to be compared with the negative kinetic energy of the 
compensator in the toy model discussed in the introduction. Prom the integrability condition 
that follows from the covariant constancy of Cab, and using a basis with constant Cab, we 
can determine that the connection cux is symmetric, and thus 

^XAB = '^XA^CcB — i^XBA, (2-15) 

is now the connection for USp{2,2nH). 

Finally, when an action exists, the symmetries should respect the metric, i.e. the Killing 
equation 

^ixkY)i = 0, (2.16) 

^The word 'Killing vector' is in fact only appropriate when they respect a metric, see (2.16), which is the 
case that we will mostly consider in this paper. 
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should be satisfied. Then, moment maps Pi can be defined, see section 3.3.2 of [19], 

dxPi = —^JxykJ, 



(2.17) 



which by the conformal symmetry are determined to be 



Pi = -Ik'^Jx^'k^gYZ. 



(2.18) 



They appear in the scalar potential of the action, which is given in appendix B. This 
discussion of isometrics and moment maps on such hyper-Kahler spaces applies as well in 6 
and 4 spacetime dimensions, and appeared in the 4-dimensional theories in [30]. 



In preparation for the later developments, but also as an introduction to the geomet- 
rical aspects of the gauge-fixing procedure discussed hereafter, we recall in this section 
some ideas concerning the connection between conformal hypercomplex (hyper-Kahler) and 
quaternionic(-Kahler) manifolds. The details of the explicit map between the corresponding 
geometries are presented in the companion paper [26]. For the rest of this paper we will 
always assume the presence of a metric. Therefore, we will only deal with the hyper-Kahler 
and quaternionic-Kdhler geometries. The geometry and relation between these spaces were 
also analysed in [25], and in the mathematics literature [31]. Our analysis here involves a 
different choice of coordinates and gauge-fixing procedure than in [25], and will turn out to 
be more convenient for our purposes. The case without a metric, i.e. the map between the 
hypercomplex and quaternionic geometries, is discussed in [26]. 

In the super conformal tensor calculus there is one vector and one hypermultiplet that 
play a special role as a compensating multiplets. We choose 3 scalars of the hypermultiplet 
to gauge-fix the three SU{2) gauge transformations and 1 to gauge-fix the dilatation D. 
This means that 4 compensating scalars will be removed from the hyper-Kahler manifold. 
In view of this, it is convenient to split these coordinates off in a manifest way by making a 
specific coordinate choice on the hyper-Kahler manifold. Full proofs and the exact mapping 
between arbitrary hypercomplex and quaternionic spaces in this way will be published in [26] . 
Here we will summarize the relevant results. Prom now on we will use the hat-notation for 
objects that are defined on the 'higher- dimensional' hyper-Kahler manifold. For instance, 
the coordinates of the hyper-Kahler manifold are denoted by {X — 1, - ■ ■ , Ann + 4). 

The three isometrics generated by the three SU (2) Killing vectors k are gauged using 
the vectors of the Weyl multiplet. Using Frobenius' theorem it is shown in [26] that the 
three-dimensional subspace spanned by the directions of the three SU (2) transformations 
can be parametrized by coordinates (with a — 1, 2, 3). Furthermore, using the homothetic 
Killing equation, one coordinate 2;° can be associated with the dilatation transformation. The 
remaining directions are indicated by g"^ {X — 1, . . . jAuh)- Thus, we split the coordinates 
on the hyper-Kahler manifold as 



3 Geometry 



(3.1) 
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Throughout this paper we will work in this coordinate basis. In this basis, the dilatation 
and SU{2) transformations, see (2.10) and (2.11), take on the following form [26]: 

k^iz, q) = {3z', 0, 0}, Piz, q) = {0, r (z, q), 0}. (3.2) 

Thus in the bosonic sector only z^ transforms under dilatations and only 2;" transforms under 
the SU{2) in the superconformal group. 

Similarly, we can split the tangent space index A as {A} = {i,A} {i = 1,2; A ~ 
1, . . . , 2nH), where i is an SU{2) index, implying 

{d} = {C, C^}- (3.3) 

This basis is chosen such that in the fermionic sector only transforms under S'-super- 
symmetry. 

Further analysis of the dilatations and SU(2) isometrics shows that, in these coordinates, 
the metric takes the form of a cone over a tri-Sasakian manifold, see e.g. [32], 

(d^0)2 



z^ 



+ ^°{/ixy(9)d?^dg^ 



-g^p{z, q) [dz^^ + ^^(^, q) dg^] [d;^^ + A^{z, q) d/] } , (3.4) 

where we have chosen the signs and factors for later convenience. We have defined 

A^(^, q) ^ f-f^ = -tAfx, gapiz, q) ^ z'g^^. (3.5) 

The latter is an (invertible) metric in the ^"-space, used to raise and lower a, /? indices. It 
turns out that, for each value of z'^, 

gxriz, q) = z%xY{q) = 9xy + QapA'^x^^ (3.6) 

defines a quaternionic-Kahler metric on the base-space spanned by the coordinates q-^ . 
The k"' generate an SU (2) algebra, which is the statement that 

F X a^fc" = fc". (3.7) 

ka = gapk^ are proportional to the inverse of /c" as 3 x 3 matrices: 

k^'-kfs^ -z'^S'^. (3.8) 

The dependence of these SU (2) Killing vectors and of A^ on 2;° and z°' and q^ is further 
restricted by 

9o^" = 0, ^0 = 0, doAx = 0, Ax = ^A'^xka, 

[z^'d^-Kx^Ax^dxK, d^xAY]-\AxxAY^\J[x^hY]z- (3.9) 
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In this basis^ we find the following expressions for the vielbeins 

fij _ i^ij fT^ fij _ /~^k ■ (T*^' — 4 I^A^ ■ ff^^ 

Jo y 2z°^ -la — y 2z°'^<^ ^ ' JX — y2^^ ^ ' (3 10) 

fiA n fi-^ n fi^ fi-^ 

Jo — ^1 Ja — ^1 JX — Jx 1 

where f^{q) are the quaternionic-Kahler vielbeins. The inverse vielbeins ff^ are given by 



(3.11) 

lA ~ '-'■> JiA ~ JiA^Xi JiA ~ J lAi 



fO _ n fa _ _fX Aa — 

JiA — ^1 JiA — JiA^Xi JiA — JiAi 



where f^{q) are the inverse quaternionic-Kahler vielbeins. Note that we have chosen our 
coordinates such that = 0. This means that from the supersymmetry rule Sq-^ — 
—ie^(^f^ it follows that q^ only transforms to (^^ and not to C*. 



For the complex structures we have 





= 0, 


JO 


fo' 


= Vk'^ 






= 0, 


a. 



Jq,, J x^ — Z^^Xi 

^Kxk^ Jx^ = AxxkP + Jx^{Az-k('), (3.12) 
0, J — Jx^ ■ 

Finally, for the USp{2, 2nH) connections we find the following nonzero components: 

A B _ 1 fiBp) fY j_ 1 XB 
<^0A — 2JY ^OJiA + 2^^Ai 

l^ai^ = —^^ka ■ ^i^ , <^aA^ — \f-)p(^afiAi 

UXi^ = AJ.Uai^ = UJxi\ COXA^ = UJxA^, 

A ; / l_o fkA i : / z'^ ^ij fY v. 

^Xi — ^y 2^^ikjx 1 ^XA — ~^y JjA'^YX: 

where lvxa^ is defined in terms of the quaternionic-Kahler vielbeins /j^, the Levi-Civita 
connection computed with z^hxY and the SU (2) connection uxi-' on the quaternionic-Kahler 
manifold through the covariant constancy of the vielbeins.^ Using the vector notation the 
SU{2) connection is given by 

Ox ^-\Ax. (3.14) 

Using the above results, one can express any hatted quantity (geometric quantity of the 
hyper-Kahler space) in terms of the unhatted ones (geometric quantity of the quaternionic- 
Kahler space) and vice versa. Here we list some explicit expressions for hatted quantities 

■^Wc consider here the domain ^° > , which is necessary to obtain at the end positive kinetic terms for 
the graviton. 

^Note the subtle difference in notation: in the hyper-Kahler manifold there is no SU{2) connection, 
and LUxi-' are components of the connection lo^^^ . On the other hand, in the quaternionic space these 
components do not exist and coxi'' = iwx • is the SU (2) connection. 
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that occur in the construction of the action, 

Cab = Cab-, Cij = Sij, CiA = 0, 
Pi = Pi, 

kf = {0, -2kf^ ■ {Cjxkf - ^Pi), kf}, 

Wabc"" = Wabc"". (3.15) 

Here, Pj arc the moment maps of the quaternionic-Kahler manifold, in principle to be dis- 
tinguished from the hyper-Kahler moment maps defined in (2.18) (all hyper-Kahler relations 
from that section should here be interpreted with hatted quantities and indices). For Uh 7^ 
they are defined in terms of the Killing vectors and complex structures as 

AuhPi = ZoJx^Dykf. (3.16) 

In the absence of any physical hypermultiplcts. i.e. Uh = 0, moment maps can still be 
present. In fact, they are constants, 'Fayet-Iliopoulos (FI) terms', restricted by the 'equiv- 
ariance condition' 

2uPiXpj + fij''pK^0, (3.17) 

— * 

where u is not determined (multiplying again with u, this becomes an equation for uPi). This 
will be further analysed in section 5. The moment maps (3.16) satisfy a similar equivariance 
condition [33]. Equations (3.15) say that the hyper-Kahler moment maps are the same as 
these moment maps, both when uh 7^ and when uh = 0. In the latter case, the FI 
terms are therefore related to the gauge transformation of the scalars of the compensating 
hypermultiplet, as is the case in 4 dimensions [34]. 

Similar to the Wabcd tensor (2.14) on a hyper-Kahler manifold, we can introduce 
Wabcd, which is a completely symmetric and traceless tensor. It is defined by the quaternionic- 
Kahler Riemann tensor Rxyz^ , and conversely it determines the latter, as follows: 

^a; CD ItXY t CDtj ZW , n ^ X C j: D j XY _ riX rY /'Q 1 o\ 

VVaB — 2^ BA^WZ n-XY + ^^0(A Ob) , Li BA = Ja JiB^ [6.16) 

2RxYwz — ——^ (^gzixQYjw + JxY ■ Jzw ~ Jz[x ■ Jy]w^ + Lzw^^y^ABCDLxY^^ ■ 

We raise and lower A, B indices using Cab and X, Y indices using qxy, see (3.6). 

For every point in {z^, z"}, the {q^} subspace describes a quaternionic-Kahler manifold. 

These quaternionic-Kahler manifolds are related by coordinate redefinitions, SU{2) gauge 
transformations and/or dilatations. Note that before gauge-fixing, all unhattcd objects a 
priori are still dependent on both z'^, z"' and . For every gauge-fixing, eliminating the 
compensator fields 2;°, in terms of constants (or functions of q^), they become geometrical 
objects on the quaternionic-Kahler manifold. 

Note that in this section we only discussed the geometry related to the hypermultiplets. 
The (very special) geometry related to the vector-multiplets will be discussed in the next 
section when we perform the gauge-fixing. The reason for this is that the discussion of the 
vector-multiplet geometries requires the use of the equations of motion and therefore cannot 
be discussed independently of the physical theory. 
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4 Gauge-fixing 



The actions given in appendix B are invariant under the full superconformal group. In order 
to break the symmetries that are not present in the Poincare algebra, we will impose the nec- 
essary gauge conditions in the following subsections. This is analogous to the corresponding 
steps in = 2 supergravity in D = 4 [35] and in D = 6 [28] . 

Before carrying out all technicalities implied by the gauge-fixing procedure, it is instruc- 
tive to outline the steps we are going to follow. Just like in the example of section 1 the 
extra (superconformal) symmetries can be removed with the help of compensating multi- 
plets. In our particular case, one hypermultiplet together with one vector multiplet will play 
the role of compensating multiplets. Our strategy is illustrated in figure 1. In this figure we 
have summarized which fields are eliminated by gauge-fixing and/or solving the equations 
of motion^. 

The field content of the matter-coupled conformal supergravity is given by the Weyl 
multiplet, uh + 1 hypermultiplets and ny + i Yang-Mills vector multiplets combined with 
Ut tensor multiplets in a vector-tensor multiplet. Note that in figure 1 wc represented only 
the independent fields of the Weyl multiplet. The dependent fields f^"', Co^"'^ and 0^ are 
expressed in terms of the former in the first step (sec below). Note that the field does 
not enter the action; it can therefore be set to zero as a gauge condition for the special 
conformal (or ir-)transformations. There exist several auxiliary fields both in the standard 
Weyl multiplet (V^-^ and Tab) as in the vector multiplets (y^^). They are ehminated by 
solving the corresponding field equations. 

The equations of motion of the and D fields collaborate with the S'-gauge and D-gauge, 
respectively, to remove the fermionic degrees of freedom of the compensating multiplets and 
two of their scalars, i.e. a and z^. We see from the figure that all field components of the 
compensating hypermultiplet are eliminated by the gauge-fixing procedure. The only field 
component of the compensating vector multiplet surviving the gauge-fixing procedure is the 
gauge potential A^, which contributes to the graviphoton field in the Poincare multiplet. As 
we eliminated the auxiliary fields F*-', the vector multiplets, as well as their tensor multiplet 
companions, are realized on-shell in the Poincare theory. We thus end up with a matter- 
coupled Poincare supergravity theory containing, besides the Poincare multiplet, ny vector, 
riT tensor and nu hypermultiplets. The geometry described by the moduli of the latter 
modifies during the gauge-fixing according to our discussion in section 3. We will see below 
that the vector scalars also parametrize a particular type of manifold at the Poincare level, 
namely a very special real manifold (see section 4.3). 



^The arrows show that one can imagine another construction. Namely we may obtain conformaUy invari- 
ant actions with consistent field equations by only using a compensating vector multiplet and no compen- 
sating hypermultiplet. The compensating vector multiplet is necessary to obtain consistent field equations 
for the auxiliary D and Xi- However, the compensating hypermultiplet is only needed to break conformal 
invar iance. 



13 
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matter-coupled Poincare supergravity 
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ny Vector multiplets 










Al, A- 



Figure 1: The gauge-fixing 'procedure: the underlined fields are eliminated when passing to Poincare SUGRA. The arrows 
indicate how these fields are eliminated: by gauge-fixing a symmetry or by applying an equation of motion. 



One should keep in mind that during the gauge-fixing procedure the definition of the 
covariant derivatives changes. Indeed, when passing from a superconformal invariant theory 
to a super-Poincare theory, the remaining fields are chosen such that they do not transform 
under the broken symmetries, e.g. the scale symmetries. These scale symmetries generated 
terms in the superconformal covariant derivative that are absent in the Poincare covariant 
derivatives. Another thing to keep in mind has to do with the transformation rules. In 
the conformally invariant theory, these transformation rules involve the parameters of the 
conformal transformations. Due to the gauge-fixing conditions, these parameters become 
dependent and are expressed in terms of the parameters of the Poincare theory through 
the so-called decomposition rules. The super-Poincare transformation rules are therefore 
inferred from the superconformal ones after eliminating auxiliary fields and employing the 
decomposition rules. This finishes our overview of the gauge-fixing procedure. We now 
proceed with a more technical discussion of the same procedure. 

4.1 Preliminaries 

The first step in the gauge-fixing process is the elimination of the dependent gauge fields 
0^ and /^", associated with S- and /^-symmetries, respectively. Using the relations given 
in [18, (3.11)] together with the definitions of the supercovariant curvatures, we find the 
following expressions for these gauge fields: 

-r2Kr\-b.r'M, (4.1) 

with 

= + (4.2) 

We only need the contracted version of f^"' since the other components do not appear in the 
action or transformation rules. In order to simplify the notation we choose to work with 
ujn"-^ instead of o;^"^ for the time being. 

After writing out all covariant derivatives and dependent gauge fields, the gauge field 6^ 
does not appear in the action. This can be understood from the special conformal symmetry 
(or i^-symmetry) of the action. We will choose the conventional gauge choice for the K- 
invariance, namely 

X-gauge: 6^ = 0. (4.3) 

At this point we are left with one more gauge field corresponding to a non-Poincare 
symmetry: the SU{2) gauge field V^^ . Solving for its equation of motion, corresponding to 
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the action (1.6), yields the following expression: 
9 



-\CrjK^^¥l,r' + \ ■^Crj~^a~^a^i^~'i,.i^^^^) . (4.4) 

The action further contains four auxiliary matter fields: Tab and from the Weyl 
multiplet, and l^j from the vector-tensor multiplet. Both D and x* appear as Lagrange 
multipliers in the action, leading to the following constraints, 

D : C - = 0, with C = Cjjj^a^a^a^, k"^ = k^Qxy^^ = -9^°, (4.5) 

X' : -8iC,~j^<7V^~Vf -1{C- \k^) + f iAf Ca = 0. (4.6) 

Here, and for later purposes, we have introduced sections Af that are defined by [24] 

Af = k^fA. (4.7) 
The equations of motion for Y/j and Tab are given by 

y'''Cjjf,a^ = -gSfPl^ + i iC,~j^V' V'^, (4.8) 
Tab = ^ {Aa^a'nlCjj^ + a'i^^ ^^aA]Cj j + a'i^^^abcrCjj ^ (4.9) 

+ \a'i,'^abi^^Cjj^ + ft^QAliai^l] + Ik^ ftx^Alabci^'^ + 'iK^labQ^) • 

These equations have been simphfied by using (4.5). 

4.2 Gauge choices and decomposition rules 

Apart from the X-gauge (4.3) that we have already introduced to fix the special conformal 
symmetry, we now choose gauges for the other non-Poincare (super) symmetries as well. 

D-gauge. Demanding canonical factors for the Einstein-Hilbert and Rarita-Schwinger ki- 
netic terms in (1.6), we have to impose the following D-gauge: 

i?-gauge: + = (4-10) 

where k has dimensions of [length]^/^. If we combine the D-gauge (4.10) and D-EOM (4.5) 
we obtain 

^' = -4 C = -^. (4.11) 



In the light of (3.2)-(3.4) the first constraint implies that 

z° = (4.12) 
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whereas the second constraint effectively ehminates one of the vector-tensor scalars^. 

S-gauge. In the action (1.6) there appear terms where 7^</)^ = | i'yf^'^d^'ipt,+ (non-derivative 
terms) is muhiphed by hyperino and gaugino fields. These terms imply a mixing of the 
kinetic terms of the gravitino with the hyperino and gaugino fields. A suitable 5'-gauge can 
eliminate this mixing: we put the coefficient of the above expression equal to zero: 

5-gauge: Cjjj^a'a'i^f + 2AfCA-0- (4-13) 
Combining this with the x field equation (4.6) leads to 

Cjj^a^a^i^f = 0, aICa = 0. (4.14) 
In our coordinate basis, we obtain the following expression for the sections A^: 

4 - '"'hf^A - -^^'f-A - -3 ^^^A- (4-15) 

Therefore, our choice of coordinates on the hyper-Kahler manifold is consistent with the fact 
that the hyperinos of the compensating hypermultiplet carry no physical degree of freedom: 

C-0. (4.16) 

SU{2)-ga.uge. The gauge for dilatations was chosen such that = Similarly we may 
also choose a gauge for SU{2). Such a gauge would be a specific point in the 3-dimensional 
space of the z"'. In principle, we could thus choose z°' — ZqIq) for any function -Zq (g), but 
we will restrict ourselves here to constants z^: 

SU(2)-gauge: z^'^z^. (4.17) 

Decomposition rules. As a consequence of the gauge choices, the corresponding trans- 
formation parameters can be expressed in terms of the independent ones by the so-called 
decomposition rules. For example, the requirement that the i^-gauge (4.3) should be in- 
variant under the most general superconformal transformation, i.e. Sb^ = 0, leads to the 
following decomposition rule for A^: 

A^ = -ie^-^ {d^AD + I ie<P^ - 2e^^x + \ • (4-18) 
Similarly, demanding bz^ — ^ yields 

Ad = 0. (4.19) 
The decomposition rule for ry* can be found by varying the S-gauge and demanding that 

S (Cjji^a^a^'f^^ = 0. (4.20) 

^The constraint (4.12) implies that the parameter v defined in [19] is given hy v = —k^. This parameter 
also appeared in (3.17) but from now on will not appear anymore in this paper. 



17 



We find 

+ T, iCjj^a^i^rejr'la^^^ - ^.rW^ab^"") ■ (4-21) 
The SU{2) decomposition rule can be found by requiring that Sz"' — 0: 

^su{2) = ux{SQ + SG)q'' + gA'GPi- (4-22) 

4.3 Hypersurfaces 

We now discuss the geometry for the vector-multiplet scalars. These arise as a consequence 
of the gauge- fixing procedure. In order to get a standard normalization, we rescale the Cjjj^ 
symbol and the vector multiplet scalars as follows: 

^ yj^^ CjjK - -2 Y^Cj,-^, (4.23) 

such that 

CjjKh^h^h^ = 1. (4.24) 

The constraint (4.24) defines an (ny + nr)-dimensional hypersurface of scalars (p^ called a 
'very special real' manifold, embedded into a (ny + ut + l)-dimensional space spanned by 
the scalars h\(p). 

The metric on the embedding /i^-manifold can be determined by substituting the equa- 
tion of motion for T^b (4.9) back into the action, and defining the kinetic term for the 
vectors/tensors as 

'^kin.Vector-Tensor — ~\^lj^^^,v^^^^- (4-25) 

We find 

«7j = -'^Cjj^h^ + ^hjhj, (4.26) 

where 

hj = ajjh^ ^Cjjj^h^h^ hjh^^l. (4.27) 

In the following we will assume that ajj is invertible; this enables us to solve (4.8) for Y^^K 
Following [21], we introduce 

hl^-^2h'M - hj.^^rjhi{cl>) = ^,hj^M- (4-28) 

The metric on the manifold spanned by the scalars (f)^ is the pull-back on the hypersurface 
of the metric ajj on the embedding space, i.e. 

g,y = hlh^ajj. (4.29) 
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We furthermore define 

hf = g^yhj^. (4.30) 

Several useful identities that were already discovered in [21] are summarized in appendix C. 

The gauginos ip^ are constrained fields, due to the S'-gauge. In order to translate these 
to [ny + ut) unconstrained gauginos, we introduce A*"^, which transform as vectors in the 
tangent space on the hypersurface. As we will see later, a convenient choice is given by (for 
agreement with the hterature [2])''' 

A^^ = -hfiP'^, ^/j'^ = -hlX'-". (4.31) 

Note that this choice for t/j'^^ indeed solves the S-gauge (4.14). 



5 Results 

After applying the steps outlined in the previous section, i.e. using a special coordinate basis, 
substituting the expressions for the dependent gauge fields and matter fields and 'reducing' 
the objects on the hyper-Kahler manifold to the quaternionic-Kahler manifold, we obtain 
the N — 2 super-Poincare action. 

We give in this section the full action for a number of vector multiplets (indices /), 
tensor multiplets (indices M, and together with the vector multiplets indicated as /, and 
their unconstrained fields with x) and hypermultiplets (indices X for the scalars and A for the 
spinors). The couplings of the vector and tensor multiplets are determined by the constants 
Cjjj^, a symplectic metric fluN and the transformation matrices tjj^ related by (2.5), see 
also (2.3). The related quantities are defined in section 4.3. 

We define the supercovariant field strengths Fj^ and a tensor field such that 

Hi ^ {f^,, B^i) , Fl^ ^ 2d^Ai^ + gjjK^KA^.. (5.1) 

The 5^ transforms covariantly, as does F^h-, while the action gets a simpler form using Fah 
and Bah- 

The hypermultiplets are completely characterized in terms of the vielbeins /j^, that 
determine complex structures, U S'p{2nii) and S\J (2) connections. They transform in general 
under the gauge group of the vector multiplets. The Killing vectors kf determine tij^ and 
are restricted by (2.12). They determine the moment maps by (3.16). As mentioned in 
section 3, the moment maps can also exist without a quaternionic-Kahler manifold {jih — 0), 
in which case they are the constant 'FI terms'. These are possible for two cases. First, in 
the case where the gauge group contains an SU (2) factor, we can have 

Pi = (5.2) 

^We avoid here the introduction of a local basis for the fermions indicated by indices a in [2]. 
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where ^ is an arbitrary constant, and eV are constants that are nonzero only for I in the 
range of the SU{2) factor and satisfy 



er X ej = fij^ex, (5.3) 

in order that (3.17) is verified. 

The second case is U{1) FI terms. In this case 

Pi = e^i, (5.4) 

where e is an arbitrary vector in SU{2) space and are constants for the / corresponding 
to U{1) factors in the gauge group. 

To be able to write down the potential and the supersymmetry transformation rules in 
an elegant fashion, we define 



-^xyz — ^jjK"'x"'y"'z ' xy ~ "'j"'x,y ' '^V ^-^xyziJ ; 

the latter being the Levi-Civita connection of Qxy 
The covariant derivatives now read 



(5.5) 



V,h' = d,h' + gtj~^'Alh^ = -^Jlnhi {d,r + gK-jK) = - ^ InhiV ,<i>- , 

+d,q''uJx/X'' - gK^A^P/^X^ + gAlK'f'yXl, 
V,C^ = d,C'' + d,q''uJxB\'' + W^lU^ + gAitjs\'', 

V^^i = {d^+lu;,'''^ab)^l-d,q''u;x''i^uj-gK'A'^P/^i;,j. (5.6) 

Here Kj'^ stands for the covariant derivative, where the index is raised with the inverse 
metric g^^. We choose to extract the fermionic terms from the spin connection, using co^J' 
instead of ojfj^j' in the covariant derivatives and the Ricci scalar, unless otherwise mentioned. 
Performing all the steps of the conformal programme we find the following action: 

e-'C = ^Riu) - lajjUln''" - IgxyV^r^Dy^ - \gxYV^q''V^q'' 
+ ^^e-'e>^^^^^nMNBf^ {d,Bl + 2gti/ A'^r + gtip"" A'^B^,,) 

- ^i^pY""i^,^u - IK-PX^ - C^-PU 

+g [aP-P- 2P^ • Px - 2WxW^ - 2NiAN'^^ 
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- ^VS^V'^'^Af A,-, - ^^^T^V'^^AfT^A,-. - ^vSa76cV'"A-7'^A, 

+ f iT,,, (^,7,A^A^7"^A^ + ^:7"A^"A,U^^) 
+ SA-7a6A.a7"''C^ - fiA"7aAiAr7"A,, 

+ lis A^^"^Aa;A^7"^A2; + ^g^^TxyzTtvw^^^X^^K^^ ~ is A*^A^A^Aj2/ 



This action admits the following N — 2 supersymmetry: 

e'^jA 7/iAa; "I" i^'^M'^^jA 7 A^ — '^^ni/p^jX 7 ''A^ + ^^7 e^A 7/ii^A^ 
+S7M.peXA7'^''C^, 
= -^ieA^/i^ , (50^ = iieA^ 

= 

= 2P[^^;!f- V6^e7[^V'.]/iiv^^'"^-iye7^.A-/i,jvf^"''^, 

^T^y^ [36,A;Ai - 7'^6,A;7.Ai - ll^'^efX^^.^Xl] - j^gP^'h, + X,gW-e\ 
Sq'^ = -ie^C-"/^, 
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where is minus the inverse of ^Imn in the sense that Qmp^^^ — Sm^- We also denoted 

D^{u)e' = V,{u)e'-d^q''u%-gK^A'^P}U^, (5.9) 
where T>n{il}) is defined as in (4.2). 



6 Comparison with earlier papers 

In this section, we compare our results with the literature, and especially with [2] (CD) 
and [1,21-23,36] (GZ)^. To compare with these papers we put k — 1. A notational difference 
with CD is that we have -y'^^^'^'^ = {^abcde^ while CD uses ^"^"^ — ^[^abcde^ Another difference 
is in the symplectic metric Qmn- Our Qmn is 4 times the one in CD and in GZ. Furthermore 
they use Qmn^^^ = our t^j^ is denoted as A^j. The object Bab is the one denoted 

as Bab in CD and in GZ, while is denoted as qI^^ in CD. In CD there are two coupling 
constants, g and gR, which we find to be the same. 

Our results for vector and tensor multiplets without off-diagonal vector-tensor couplings 
(tij^ = 0) agree with GZ. Adding the couplings to hypcrmultiplcts we also mostly agree 
with CD, though some coefficients differ. For example, we differ in the coefficient in front of 
the hyperino mass term and in the hyperino bilinear proportional to the field strength Ti. 

However, the action (5.7) contains also more general couplings than previously considered 
because of the possibility that tjj^ ^ 0, i.e. a representation of the gauge group on the 
vector and tensor multiplets that is not completely reducible. For the bosonic part of the 
action, this is explicitly visible in the Chern-Simons couplings. Furthermore, the values 
of Kj and of have implicit dependence on these representation matrices. The former 
appear in the covariant derivatives of the scalars T>^^(^^ ^ thus directly influencing the fermionic 
supersymmetry transformations, and the latter appear in the scalar potential. 



7 Simplified action for bosonic solutions 

In applications where solutions to the five-dimensional N = 2 supergravity theory are con- 
structed, one is mainly concerned with the bosonic terms in the action, as one often sets 
all fermions of the solution equal to zero. A solution to the bosonic equations of motion 
preserves N supercharges if there are N supersymmetry parameters for which the corre- 
sponding supersymmetry variation of the fermionic fields remains zero. Therefore, to search 

^There is an 'alternative N = 2 supergravity' [37] , which is very different from the theory described here. 
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for supersymmetric BPS solutions we only need to consider the bosonic action and the su- 
persymmctry rules of the fermions up to terms bilinear in the fermions. For the convenience 
of the reader we collect these expressions in this section. This section can be a starting point 
for a systematic search for any kind of BPS solutions. 
The bosonic part of the action reads 

+ ^ (aP ■ P -2p'' ■ P^- m^w" - 2NiAM'^^ 

The covariant derivatives in this bosonic truncation are given by 

= d,r + gA^Kf, V.q'' = + gA'^k^. (7.2) 

The N = 2 supersymmetry rules of the fermionic fields, up to bilinears in the fermions, are 
given by 

5^^; = D,{u)e^ + ^^hjH^'^''{^,^,-Ag,^-,',)e^-^^igP^^^^^ 

SX-^ = -L'P4)-e' + l^.Hh^je'-^gP^'^e^ + ^gW^e\ 

= liY'D,q''r^e, + lgMte\ (7.3) 

8 Conclusions 

In this paper, we constructed matter-coupled N — 2 supergravity in five dimensions, using 
the superconformal approach. For the matter sector we took an arbitrary number of vector, 
tensor and hypermultiplets. By allowing off-diagonal vector-tensor couplings, we found more 
general results than currently known in the literature. Our results provide the appropriate 
starting point for a systematic search of BPS solutions such as domain walls or black holes. 
Furthermore, they can be used to study properties of the scalar potential that arises in 
flux-compactifications of M-theory on Calabi-Yau manifolds, or any other five-dimensional 
vacuum. The ingredients needed for such a search are given in the previous section. 
We end with some remarks. 

For simplicity, we restricted ourselves to matter couplings for which an action can be 
constructed. As pointed out in our previous paper [19], the superconformal approach also 
allows conformal matter couplings for which no such action can be defined. These theories 

are defined in terms of equations of motion that, without introducing more variables, cannot 
be integrated to an action. It would be interesting to extend the gauge-fixing procedure to 
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these theories^. In the present work we only introduced gauge- fixing conditions for theories 
that have an action. In fact some of the gauge-fixing choices were determined by requiring 
that the kinetic terms in the action had a canonical (diagonal) form. It seems reasonable 
that precisely the same conditions can also be applied to the theories without an action. 
This would lead to new Poincare matter couphngs. It is known that there are theories 
without an action that can be obtained via a Scherk-Schwarz reduction of a theory with an 
action [39-43]. It would be interesting to see whether, in the same spirit, the D — 5 matter 
couplings with no action can be obtained from some D = 6 matter couplings with an action. 

Finally, a central role in this paper is played by the standard Weyl multiplet. We showed 
that a second Weyl multiplet exists, the so-called dilaton Weyl multiplet [19]. The two 
multiplets describe the same number of degrees of freedom but differ in the field content. A 
priori the conformal programme can also be carried out using the dilaton Weyl multiplet. It 
would be interesting to see whether the dilaton Weyl multiplet may lead to matter couplings 
which cannot be obtained by starting from the standard Weyl multiplet. In view of previous 
results in four dimensions for = 1 [44] and N — 2 [35] this is not expected, but it cannot 
be excluded. 
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^However, it would be natural to start also from on-shell vector multiplets, as discussed in [38]. 
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A Notation 



Curvatures. First we explain our notation for the curvature tensors. We have Riemann 
tensors defined on the five-dimensional spacetime and on the target space manifold spanned 
by the hypermultiplet scalars. As we will show below, we will use different conventions for 
the curvatures and Ricci tensors. They have in common, however, that compact manifolds 
always have a positive Ricci scalar curvature. 

The 'target space notation' starts from a connection denoted by Txy^ , with Riemann 
curvature 

RxYZ^ = 2(9[xry]^^ + 2rv[x^^Y]z^ ■ 

The Ricci scalar and Ricci tensor on the target space are then defined as (in agreement 
with [19]) 

R — g'^^ RxY, RxY — RzxY^ ■ 

Now we come to the definition of the spacetime curvature. In the general relativity 
literature, one usually denotes the Levi-Civita connection as V^i,, i.e. with the upper index 
on the left. The Riemann curvature is defined as 

R"^ pp,u = '2d^pX'''y]p + 2r'^^[^r^,^]p, (A.3) 

and has its upper index on the left, in contrast to (A.l). Spacetime Ricci tensors and scalars 
are then defined as 

R = g^^R^, = g'^'^RP^p,. (A.4) 

Note that this is a different convention from the one used in [18], where the second and third 
indices are contracted to define the Ricci tensor. This means that equations (3.11) and (3.12) 
in [18] change sign in the above conventions. As stated before, we use these conventions such 
that compact manifolds have a positive Ricci scalar curvature. 

SU{2) and vector indices. At various places in the main text, we switch from SU(2) 
indices i, j = 1, 2 to vector indices with the convention 

A/ = iA-a^, (A.5) 

where a are the Pauli matrices. With these conventions, we obtain the identity 

A^B/ = -A ■ B5i^ - i{A X B) ■ at, (A.6) 

— * — * 

for any two vectors A and B. 

Lowering and raising SU{2) indices is done using the e symbol, in northwest-southeast 
(NW-SE) conventions. 

When the SU{2) indices are omitted (e.g. in spinor contractions), NW-SE contractions are 
understood. For more details on the notation and conventions about spinors, we refer to [18]. 
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B Conformal multiplets 



In the following subsections we will repeat the relevant results for the vector-tensor multiplet 
and hypermultiplet from [19]. Just like in [19] we will discuss the two cases, with or without 
metric, separately. 

B.l Weyl multiplet 

The Q- and 5'-supersymmetry and i^-transformation rules for the independent fields of the 
standard Weyl multiplet are [18] 



5e/ = 




= 


V^e' + i7 ■ T7^e* - i^^r]\ 




-1 ie(^0^) + 4e(^7,x''^ + i^S • T^l^^ + fi^^V?, 




|ie7a&X - ^\eRab{Q), 




\e'D - ^7 . B}^{V)e, + |i7'^'^i;;.e^ - li^D'T^e' 




-Ir'^'Tabn^e' + iTh' + |7 • Trj\ 


SD = 


elpx - |ie7 • Tx - ir/X, 




iie^^ - 2e7^x + + ^Aat^- 



The covariant derivatives are 

D^Tab = {d^ - b^) Tab - 2uJ^^aTb\c - I'i-i^nlabX + ^"^^^ nKhiQ) , 

- li^iD + ^7 • R'^{V)i;,j - \i^'''U)Tab% + \i-i^D'T,b% 

+ h^'^'^abW; - i^'V't - i7 • Tct>'^- (B.2) 

The covariant curvatures R{Q) and -R(l^) are 

KJ{Q) - i?^.^(g) + 2i7-T7[^^t], 

i?^/(g) = 29[^^j.] + icu[/S,5^t] + - 2 v^-^^^^^ 

V(V^) = V(V^)-8V5[;7.]X^'^-iV'f;7-T^i\ 

= 2a[^Ki^^' - 2l^/(V,]fc^) - 3i0[;V^^j. (B-3) 

The expressions for the dependent fields are given in (4.1). 
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B.2 Vector-tensor multiplet 

The supersymmetry rules for the vector-tensor multiplet coupled to the five-dimensional 
standard Weyl multiplet are given by 

SB^, = -e7[,D,]^^-lia^ei?,,(g)+i67[a7-T76]V''' 

5,p^ = -I7 . iiJe' - \i$a'i - Y'^hj + (7^7 • Te' + V^a^e* + a'r]\ 

5a^ = |ieV^^. (B.4) 
The (superconformal) covariant derivatives are given by 

V^i^''' = {d,-lb, + l^ab^,^')r'-V;^^j + gtjf,'A'^i:^^. (B.5) 

The covariant curvature TiJ^^, should be understood as having components (^F^^,Bl^^ with 
given by 

Finally, Rab{Q) is the supercovariant gravitino curvature defined in equations (3.4) and (3.18) 
of [18]. 

The vector-tensor multiplet can be realized in the absence of an action. In that case, 
the tensor part is realized on-shell and the corresponding equations of motion are given 
in [19, (4.4)]. 

In the presence of a fully symmetric tensor Cjj^ the superconformal invariant action 
can be written down and it takes the form 



-1 /'conf 



^Vector— Tensor 



{--filfi'"'^- \i^'lp^p^ ^yWa^ + iD^D'^a^ + Y^Y'^^^ a 

+ la%^'' (ia^^V^ + ii(^<7^)V'-^ - h-^^V'^ + 2(7^7-rV'^ - Sa^a^x) 
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- le-'e^^'''^QMNtiK'%c''AiA^A'i {-\gF^ + ^,g' Ihl^ A^^ A^) 

- \g^,^^^'cj~'a^a\^~^^C^j~^ 

- \g^a^a'a^a^'ahjj,^t^~^^C:PQ, (B.7) 
where the superconformal d'Alembertian is defined as 

+ IV^mT'^T • T^l^' + \4>,l'i^' + 2//<7^~ - \gi^,^nj^^i:'a^, (B.8) 
and we introduced a tensor field B^l as 

Sat = - i^iami^"" + |i<^"'VSaV'6. (B.9) 

B.3 Hypermultiplet 

The supersymmetry rules for the hypermultiplet coupled to the five-dimensional standard 
Weyl multiplet were found to be 

5qX = -ie-C^/^, 

= \ Hpq'Tx^ - h • + ya'kff,ie^ + k"" f,j,r)\ (B.IO) 
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where S^"^ is the covariant variation of see section 2.3.1 of [19]. The symmetries of the 
system determine the (superconformal) covariant derivatives 

D,C^ = V,C^ - k''f,j,<p; + I i^g^/il^; + |7 ■ Tk^'f.U; - Wkfffki^], 
-D.C^ = 9^C^ + S^g^c.xB^'' + H^cC" - 26^C^ + V. (B.ll) 

The equations of motion for (^^ and q^ were obtained by imposing the superconformal 
algebra, and are given in [19, (4.9-11)]. 

Note that so far we did not require the presence of an action. Introducing a metric, the 
locally conformal supersymmetric action is given by 

= -lgxYVaq''V^q'' + CAlPC'' + lDk' + 4^T'k' 

- fKAX'k^'ftx + 2ia7 ■ TC^ - iW^Ai^CDC^^C^C^ 

- i^a7"xA:2 + \Ca1^1 ■ mk^'ff^ + liUri'^aV^q'' f,j, 
+ |//A;2 - liV5,7"V.A:^ - UY^k'^ffx 

+ ^^i^ir"''4^iV,q''jY''ijkx - \ iril^'T^k^ + ^ ii^a^'^'il^bTcdk'' 

- g [iahiB^UC + 2i^f /^av'^' + Wkfff^uri^i 

+ 2gYi^Pl^ - \g^a'a'kfkjx. (B.12) 



C Identities of very special geometry 

The vector multiplets are defined in terms of the symmetric real constant tensor Cijk- The 
independent scalars are 0^, but many quantities are defined by functions h^{(f)), satisfying 

C7Ji,/l'(0)/l''(0)/l^(0) = 1, (C.l) 

and 

hi{cf)) = CijKh'{(t>)h''{(t>) = aijh', aij = -2CijKh'' + Shihj, 

^ijK = —^J^ {CijK — Qh^CL{ijhK) + QhjhjhK) , Rijkl = 2Tkm[j^i]l^^ , (C.2) 

where here and below /-type indices are lowered or raised with au or its inverse, which we 
assume to exist. 

Define (with an ordinary derivative with respect to 0^) 

hi ^ -^^h'^M, (C.3) 
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which, due to the constraint (C.l) satisfies hih^ — O, leading to 



hi^ = aijhi = ^J |/i/,a:(0). (C.4) 

We then also have 

h'hi, = 0, hih'^ = 0. (C.5) 

These quantities define the metric on the scalar space, which is the pull-back of the metric 
aij to the subspace defined by (C.l): 

g,y = hihlaij = -2hihlCijKh'' . (C.6) 

The above relations can be written in matrix form 

(;:;) = (i j . (c.7) 

We can find the inverse of the first and third (n + 1) x (n + 1) matrices on the left-hand side 
(using Wj = gy^'hi^) 

Multiplying the latter equation with qjk leads to 

hjhj + h'jhj^ = aij. (C.9) 

Using the decomposition of the unity as in (C.8), we can write (with ';' a covariant derivative 
including a connection hj^-^y — hj^^y — ^xyhjz such that g^y-^z — 0) 

hix-y — Sjhjx-y = [hih"^ + h]hl) hj^-y — {hihyhjx + Txyzhj) — y'l^ {higxy + Txyzhj) , 

h x;y — \/^ '-^xyzh ) , 

Txyz = y \hjx-yhl = —J \hjxhl.y = CijKhxhyh^ , 



^ ^ly — h^''hix,y - Y iTxywg'^^ — h^ihi y + y iTxywg'"''- (C.IO) 
The tensor Txyz is symmetric. Comparing (C.9) and (C.2), we obtain 

h'^jhjx = -2CijKh'' + 2hihj, (C.U) 
whose covariant derivative with respect to 0^ leads to 

Txyzhjh} = CijLhy + h(ihj)y. (C12) 
Multiplying with another h^j^, using again the two expressions for ajj, leads to 

Txyzh^hjh^j^ — CijK + \o,(^ijhK) — \hihjhK- (C.13) 

The curvature is 

RuKhhl-hyh^h^ = I {gx[ugz\y + Tx[v!"Tz\yw) ■ (C.14) 

The domain of the variables should be limited to h\(j)) ^ and the metrics a/j and gxy 
should be positive definite. Due to relation (C.7) the latter two conditions are equivalent. 
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